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We define an infinite class of integrable theories with a defect which are formulated as
chiral defect perturbations of a conformal field theory. Such theories can be interacting in
the bulk, and are purely transmitting through the defect. The examples of the sine-Gordon
theory and Ising model are worked out in some detail.
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1. Introduction
The class of integrable quantum field theories has grown dramatically in the last
several years due primarily to the idea of Zamolodchikov that defines such theories as
perturbations of known conformal field theories [1]. This approach has been generalized
to theories on the half-line with non-trivial boundary interactions [2].
Another class of theories with many interesting applications has a single impurity or
defect not at the boundary but embedded in the sample. Such a theory can be described
by the Euclidean action,
S = Sbulk + g
∫
dt O(0, t), (1.1)
where the bulk action is the integral of the Lagrangian density, Sbulk =
∫
dxdtL, and the
spatial variable x varies over the whole real line. The perturbation by the defect operator
O at x = 0 modifies the Hamiltonian as follows:
H = Hbulk + g O(0). (1.2)
For a general defect operator O, translation invariance is broken. Thus particles interacting
with the defect can be both transmitted or reflected. The integrability of such defect field
theories was studied in [3]. Unfortunately, non-trivial solutions to the Yang-Baxter-like
constraints involving both reflection and transmission are severely limited: for diagonal
bulk scattering, it was shown in [3] that non-trivial reflection and transmission are only
allowed in theories that are free in the bulk2. Thus integrable impurity problems that are
interacting in the bulk are of only two types: purely reflecting, which is the same as a
boundary theory, and purely transmitting.
In this paper, using conformal perturbation theory, we argue that the purely trans-
mitting theories arise from actions of the kind (1.1) where the defect operator O is chiral.
We describe how to associate an integrable chiral defect theory to every known integrable
bulk perturbation of a conformal field theory. We show that if the bulk theory is a mass-
less conformal field theory then the chiral defect theory can be mapped onto a massless
boundary field theory. Interestingly, in general this map requires one to introduce defect
degrees of freedom. Genuinely new models occur when the bulk is massive, since in this
case the theory cannot be folded onto a known boundary theory. These general features
are illustrated with the examples of the chiral defect sine-Gordon theory and a chiral defect
perturbation of the Ising model.
2 We verified that the same occurs in a non-diagonal bulk scattering theory, specifically the
sine-Gordon theory (though with no defect degrees of freedom).
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2. Integrals of Motion and Conformal Perturbation Theory
We study first the general features of integrals of motion in theories with a defect
defined by an action (1.1). The defect separates space into two regions, x < 0 and x > 0,
and one must distinguish the fields in these regions. For any field Ψ(x, t),
Ψ(x, t) = θ(x)Ψ(+)(x, t) + θ(−x)Ψ(−)(x, t)
Ψ(0, t) ≡ 1
2
(
Ψ(+)(0, t) + Ψ(−)(0, t)
)
.
(2.1)
Suppose we are given a bulk conserved current Jµ, satisfying ∂tJt − ∂xJx = 0 where
x 6= 0. This current will lead to a conserved charge in the presence of the defect if the
following boundary condition is satisfied
J (+)x (0, t)− J (−)x (0, t) = ∂tΘ(t), (2.2)
for some operator Θ. A conserved charge satisfying ∂tQ = 0 is then constructed as follows:
Q = Θ(t) +
∫ ∞
−∞
dx Jt. (2.3)
We now take the bulk theory to be defined by a bulk perturbation of a conformal field
theory (CFT):
Sbulk = SCFT + λ
∫
dxdt Φ(x, t). (2.4)
The CFT must be a specific defect CFT, i.e. the boundary conditions at the defect must
preserve the conformal invariance. See section 3. For a given CFT, certain perturbing
fields Φ lead to an integrable quantum field theory [1]. We henceforth assume that based
on the specific CFT of the bulk, Φ has been chosen to define an integrable theory. This
implies there are an infinite number of conserved currents. In conformal perturbation
theory, these currents have the following description. When λ = 0, the perturbing field
factorizes into left and right moving parts: Φ(z, z) = φL(z)φR(z), where z = t + ix,
z = t− ix. If the theory is integrable, there exists an infinite number of chiral fields (for
λ = 0), {JL(z), JR(z)} with the following operator product expansion with the perturbing
operator:
φL(w)JL(z) = . . .
1
w − z ∂zHL(z) + . . .
φR(w)JR(z) = . . .
1
w − z ∂zHR(z) + . . . ,
(2.5)
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i.e. the residue of the simple pole is a total derivative. This ensures the conservation of
the following charges:
Q =
∫
dzJL + λ
∫
dz (HLφR)
Q =
∫
dzJR + λ
∫
dz (HRφL) .
(2.6)
With the right choice of defect perturbation, the operator product expansion (2.5) can
ensure integrals of motion in the defect theory. Some analysis of the integrals of motion
shows that in general the choice of the local defect operator O = Φ does not lead to an
integrable theory3. However a chiral perturbation does. Namely, we consider the action
S = Sbulk + g
∫
dt φL(0, t), (2.7)
where Sbulk is as in (2.4), where Φ = φLφR. (We can just as well perturb with φR rather
than φL.)
There are subtle issues concerning the locality of a chiral perturbation since for a
general CFT the integrable chiral fields have fractional Lorentz spin. We will address this
issue for the sine-Gordon theory below. Alternatively, this problem can perhaps be cured
by multiplying φL by a discrete degree of freedom which can be interpreted as a zero mode
of a right-moving field. These discrete degrees of freedom may be the origin of the defect
degrees of freedom introduced below. For instance, see the treatment of the free fermion
in section 6.
First set λ = 0. To first order in perturbation theory one has,
J
(+)
L (0, t)− J (−)L (0, t) = lim
ǫ→0+
g
∫
dt′φL(0, t
′) (JL(ǫ, t)− JL(−ǫ, t)) . (2.8)
Using the operator product expansions (2.5),
J
(+)
L (0, t)− J (−)L (0, t) = 4πig∂tHL
J
(+)
R (0, t)− J (−)R (0, t) = 0.
(2.9)
This implies the existence of two conserved charges for every JL,R:
QL = 4πgHL +
∫
dxJL;
QR =
∫
dxJR.
(2.10)
3 In some cases a change of basis and/or an intricate folding of the theory can relate it to an
integrable boundary theory; see section 5.
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In specific models, one can usually apply scaling arguments to rule out higher order
corrections in g that could spoil the conservation laws. In the massless case, the folding
construction of the next section indicates that if the boundary version of the conserved
charges are exact to first order in g, then so are the above charges in the defect theory.
For the case of the energy momentum tensor, the above analysis indicates that both
left and right moving momentum and thus both the usual energy and momentum are
conserved. This means that there can be no reflection of particles off the boundary, as this
would violate momentum conservation. Therefore, integrable theories defined by (2.7) are
purely transmitting, at least in the massless case, with generally non-trivial transmission
S-matrices through the defect.
Now we consider the theory (2.7) with λ 6= 0. One might expect that since the bulk
perturbation couples left with right movers, these theories will have both reflection and
transmission, and if the bulk S-matrix is non-trivial, the remarks made in the introduction
would suggest this theory cannot be integrable. To settle the issue, one must check that
the additional bulk terms in (2.6) do not spoil the boundary condition (2.2). We will
address these points in the sine-Gordon example below. There we will argue, though
not conclusively, that the theory continues to be integrable for λ 6= 0, and will propose
transmission S-matrices for the model.
3. Folding for a massless bulk theory
3.1. Defect Conformal Field Theory
In conformal field theory, boundary conditions at the defect which preserve the con-
formal symmetry satisfy
T (+)(0, t)− T (−)(0, t) = 0
T
(+)
(0, t)− T (−)(0, t) = 0,
(3.1)
where T (z), T (z) are the chiral and anti-chiral components of the energy-momentum tensor.
Using the analyticity one can in general fold this theory onto the half-line x > 0 as follows.
Define boundary fields for x > 0 as follows:
TB(x, t) = T
(+)(x, t), TB(x, t) = T
(−)(−x, t),
T
′
B(x, t) = T
(+)
(x, t), T ′B(x, t) = T
(−)
(−x, t).
(3.2)
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The fields TB , T
′
B are functions of t+ ix whereas TB, T
′
B are functions of t− ix for x > 0.
The boundary conditions (3.1) imply
TB(0, t)− TB(0, t) = 0
T ′B(0, t)− T
′
B(0, t) = 0,
(3.3)
thus in the region x > 0 one has two boundary conformal field theories which are decoupled,
corresponding to TB verses T
′
B . Boundary conformal field theories were studied in [4]. We
conclude that defect conformal field theories are characterized by the tensor product of
two conformal boundary conditions. This fact was used for instance in [5].
3.2. Chiral Perturbations
When the bulk theory is massless, i.e. λ = 0 in (2.4), then the defect theory (2.7) can
be reformulated as a boundary theory on the half-line by the general folding procedure
above. This has already been used in a number of contexts, e.g. [6] [7]. Here the situation
is even simpler, since in the perturbed chiral defect theory, only left-moving fields are
coupled to the defect. Thus, the boundary theory defined by T ′B, T
′
B decouples from the
defect. Let ϕ
(±)
L denote the components of an arbitrary chiral field ϕL on either side of
the defect, as in (2.1). Now, let us define a boundary theory in the region x ≥ 0, where
for each field ϕL of the defect theory we associate the boundary theory fields ϕL,R:
ϕL(x, t) = ϕ
(+)
L (x, t), ϕR(x, t) = ϕ
(−)
L (−x, t), x > 0. (3.4)
Since the bulk is massless, ϕL(x, t) = ϕL(z), ϕR(x, t) = ϕR(z). The boundary condition
(2.9) now becomes in the boundary theory:
JL(0, t)− JR(0, t) = 4πig ∂tHL. (3.5)
The above condition assures the existence of a conserved charge in the boundary field
theory [2]:
Q =
(∫ ∞
0
dx(JL + JR)
)
+ 4πgHL. (3.6)
Q is the direct map of the charge QL of the defect theory to the boundary theory, i.e.
QL =
∫ 0
−∞
dxJ
(−)
L +
∫ ∞
0
dxJ
(+)
L + 4πgHL = Q. (3.7)
4. Defect S-matrices
Above we showed that interacting integrable theories with a defect are purely trans-
mitting through the defect. We now derive the algebraic equations satisfied by the trans-
mission S-matrices. The massive and massless cases should be treated differently.
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4.1. Massive case
Consider the bulk theory to be an integrable theory as in (2.4) with λ 6= 0, so
that the spectrum consists of massive particles. Let Aa(θ) denote the formal Faddeev-
Zamolodchikov operators for particles of type ‘a’ and rapidity θ, where as usual the mo-
mentum ism sinh θ. We distinguish particles to the left (right) of the defect as A
(−)
a (A
(+)
a ).
They are defined to satisfy the exchange relation
A(±)a (θ1)A
(±)
b (θ2) = S
dc
ab(θ1 − θ2)A(±)c (θ2)A(±)d (θ1), (4.1)
where Sdcab is the bulk S-matrix satisfying Yang-Baxter, crossing and unitarity equations.
Let us as before place the defect at x = 0 and then introduce a defect operator Dα, with
defect degrees of freedom α taking values in some set. The scattering of particles through
the defect is then described by the following exchange relations:
Dα A
(+)
a (θ) = T
βb
αa(θ)A
(−)
b (θ)Dβ
A(−)a (θ)Dα = T˜
bβ
aα(−θ)DβA(+)b (θ).
(4.2)
The transmission scattering matrices T and T˜ are not necessarily identical because parity
symmetry is broken.
Consistency of (4.2) implies the unitarity condition
T βbαa(θ)T˜
cγ
bβ (−θ) = δcaδγα. (4.3)
We will also require the crossing symmetry relation
T˜ bβaα(θ) = T
βa
αb
(iπ − θ), (4.4)
where a is the charge conjugate of a.
Associativity of the algebra (4.2) demands T and T˜ satisfy the defect Yang-Baxter
equations (DYB):
Sdcab(θ12)T
βe
αc (θ2)T
γf
βd (θ1) = T
βc
αa(θ1)T
γd
βb (θ2)S
fe
cd (θ12) (4.5a)
Sdcab(θ12)T˜
eβ
dα (−θ1)T˜ fγcβ (−θ2) = T˜ cβbα (−θ2)T˜ dγaβ (−θ1)Sefdc (θ12) (4.5b),
where θ12 = θ1 − θ2. If Sdcab = Scdba , then upon relabeling θ1 → −θ2, θ2 → −θ1, one sees
that T˜ bβaα satisfies the same DYB equation as T
βb
αa.
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A final constraint arises from hermiticity of the Hamiltonian. The transmission S-
matrices are understood as the matrix elements
T βbαa(θ) =
L
out〈θ, b, β|θ, a, α〉Rin
T˜ bβaα(−θ) = Rout〈θ, b, β|θ, a, α〉Lin
(4.6)
where here L,R denotes to the left or right of the defect. Hermiticity of the Hamiltonian
demands
T˜ bβaα(θ) =
(
Tαaβb (−θ)
)∗
. (4.7)
4.2. Massless case
Now we take the bulk theory to be massless, i.e. λ = 0 in (2.4). Only left-moving
particles couple to the defect, so we only deal with these left-movers and denote them
ALa (k), for k < 0. It is convenient to parameterize the momentum with a rapidity θ,
kL = −µ2 e−θ, where µ is some scale. The scattering with the defect is described by
DαA
L
a (θ) = T
βb
αa(θ)A
L
b (θ)Dβ , (4.8)
and the DYB equation is the same as (4.5a). The massless bulk scattering is described by
ALa (θ1)A
L
b (θ2) = S
dc
ab(θ1 − θ2)ALc (θ2)ALd (θ1), (4.9)
In the last section, for the massless case we showed at the level of fields how the
problem can be mapped onto a boundary field theory. We now describe how this folding
is performed in the scattering theory. Consider a massless boundary field theory on the
half-line x ≥ 0. This theory has both left and right moving particles. Parameterize the
left-moving momenta as kL = −µ2 e−θL , and the right-moving momenta as kR = µ2 eθR ,
and introduce operators ALa (θL) and A
R
a (θR). (We will not display the subscripts L,R on
θL,R when the meaning is clear.) The scattering in the bulk is as in (4.9), and the same
equation also holds for AL → AR. By scale invariance, the L−R scattering is independent
of momentum. However non-trivial constant scattering is allowed, and will be important
in the sequel. Thus we suppose
ARa (θ1)A
L
b (θ2) = B
dc
abA
L
c (θ2)A
R
d (θ1), (4.10)
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where Bcdab is a matrix of constants satisfying a braiding relation. The interaction with the
boundary is encoded in a reflection matrix. Assuming the boundary to have no degrees of
freedom, we introduce a boundary operator B satisfying:
BALa (θ) = Rba(θ)BARb (−θ). (4.11)
Consistency of (4.9) and (4.11) demands the massless boundary Yang-Baxter (BYB) equa-
tion:
Rca(θ1)B
c′b′
cb R
d
b′(θ2)S
ef
dc′(θ12) = S
dc
ab(θ12)R
e′
c (θ2)B
ed′
e′dR
f
d′(θ1). (4.12)
When the L-R scattering is trivial, i.e. if Ba
′b′
ab = δ
a′
a δ
b′
b , then the massless BYB
equation (4.12) is identical to the DYB equation with no defect degrees of freedom. Namely,
with no defect degrees of freedom, T βbαa = T
b
a , and a solution to (4.12) is a solution to
(4.5a) with T ba(θ) = R
b
a(θ). Thus, a massless defect theory can be mapped onto a massless
boundary theory by identifying the transmission and reflection S-matrices only when L-R
scattering is trivial.
In general, one does not have the freedom to set the L-R scattering to 1. Given a
massive theory in the bulk, with k = m sinh θ, the massless limit m → 0 is defined by
letting θ = θL − α, for left movers, and θ = θR + α for right-movers, and in both cases
letting α→∞ keeping meα = µ held fixed. If Sdcab(θ) is the massive S-matrix, then in this
limit L−L and R−R scattering are both given by the same S, whereas L−R scattering
is given by
Bdcab = S
dc
ab(−∞). (4.13)
Given a non-trivial B, one can try to establish a map between massless defect and boundary
theories by introducing defect degrees of freedom. Indeed, in the example of the sine-
Gordon theory treated in the next section, we find that by properly introducing defect
degrees of freedom, we can find a one-to-one correspondence between solutions of DYB
and massless boundary Yang-Baxter equations.
In light of this, we can propose a general approach to the massive case of purely
transmitting defect theories. In the massive case, folding is not possible. For instance, in
the massive case, the BYB equation reads [2],
R̂ca(θ2)S
b′c′
bc (θ1 + θ2)R̂
d
b′(θ1)S
fe
c′d(θ12) = S
ca
bd (θ12)R̂
e′
c (θ1)S
d′e
de′ (θ1 + θ2)R̂
f
d′(θ2), (4.14)
where R̂ba is the massive reflection S-matrix. It is clear that only in the massless limit (4.12)
is there a chance of mapping BYB onto DYB. Our approach to the massive case will be as
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follows. Take the massless limit of the defect theory, and map it onto a known solution of a
massless boundary field theory. If the L−R scattering of latter is non-trivial, the map can
only be established by introducing defect degrees of freedom. Finally, assume the massive
case has the same defect degrees of freedom, and solve the defect Yang-Baxter equation for
the massive case. We will illustrate this in the next section with the sine-Gordon theory.
5. Defect sine-Gordon theory
In this section we treat the chiral defect perturbation of the sine-Gordon theory,
defined by
S =
∫ ∞
−∞
dxdt
(
1
2
(∂µΦ)
2 + λ cosβΦ
)
+ g
∫
dt cosβφL(0, t), (5.1)
where φL is the left-moving component of the scalar field, Φ = φL + φR. The bulk sine-
Gordon theory has a well-known infinite set of local conserved charges with spin equal to
an odd integer. The general arguments of section 2 indicate that the above chiral defect
sine-Gordon theory, at least in the massless limit λ = 0, is also integrable.
At the level of the action (5.1) one can fold the massless theory as described in section 3
and explicitly obtain the boundary sine-Gordon theory (BSG). From the components φ
(±)
L
of the field φL in the defect theory, define the boundary theory fields ϕL(x, t) = φ
(+)
L (x, t),
ϕR(x, t) = φ
(−)
L (−x, t) for x > 0, as in (3.4). In (5.1) since φL(0, t) = (φ(+)L (0, t) +
φ
(−)
L (0, t))/2, in the map to the boundary theory one finds∫
dt cosβφL(0, t)→
∫
dt cos (β(ϕL(0, t) + ϕR(0, t))/2) =
∫
dt cos(βΦB/2), (5.2)
where now the boundary field ΦB = ϕL + ϕR is the boundary sine-Gordon field. The
complete action (5.1) becomes the BSG theory, as defined in [2]. We thus argue that in
the massless case, if the boundary sine-Gordon conserved currents are exact to first order
in g, then so are the conserved currents in the defect theory.
The problem with the apparent non-locality of the chiral perturbation in (5.1) can be
resolved in the following way. Chiral conformal fields satisfy the braiding relations:
eiaφL(x,t)eibφL(y,t) = e±iab/4eibφL(y,t)eiaφL(x,t) for
(
x > y
x < y
)
. (5.3)
Writing φL(0, t) = limǫ→0(φL(ǫ, t) + φL(−ǫ, t))/2, one finds that any field exp(iaφL(0, t))
at the defect is local with respect to the perturbation exp(±iβ(φL(ǫ, t) + φL(−ǫ, t))/2),
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since from the braiding relation (5.3), the phase from φL(ǫ, t) is canceled by the phase
from φL(−ǫ, t).
Finally, it is interesting to consider taking not a chiral defect perturbation, but a local
one in (5.1). Namely, let us replace cosβφL with cos(βΦ/2) , where Φ = φ(z) + φ(z)
is the local SG field. By making the change of basis φ±(x, t) =
(
φ(x, t)± φ(−x, t)) /2,
the interaction is seen to depend only on exp(βφ+). As φ± are chiral, exp(βΦ/2) is
integrable if exp(βφ) is integrable. We can also see this via a folding into a boundary
theory. As described in section 3, when g = 0 this theory can be folded onto two decoupled
boundary conformal field theories for x > 0. Namely, following (3.2), define boundary fields
ϕL(x, t) = φ
(+)(x, t), ϕR(x, t) = φ
(−)(−x, t), ϕ′L(x, t) = φ
(−)
(−x, t), ϕ′R(x, t) = φ
(+)
(x, t).
Unlike the purely chiral perturbation (5.1), now the defect interaction couples the two
boundary conformal field theories:
cos(βΦ(0, t)/2)→ cos(β(ΦB + Φ′B)/4), (5.4)
where now ΦB = ϕL+ϕR, and Φ
′
B = ϕ
′
L+ϕ
′
R. Since the combination ΦB−Φ′B decouples
from the defect, what remains is again a single boundary SG theory. So again a local
defect perturbation is seen to be integrable, but now via an intricate folding. Of course,
these arguments only hold for λ = 0.
5.1. Scaling Analysis of Integrability
We denote the set of charges for the sine-Gordon by
Qs =
∫
dxJs − λ
∫
dxRs,
Qs =
∫
dxJs − λ
∫
dxRs
(5.5)
where Js (Js) has spin s (-s), s even. The local fields Js, Rs, Js, and Rs satisfy
∂zJs = λ∂zRs,
∂zJs = λ∂zRs.
(5.6)
In the presence of a defect line at x = 0, the most general modification the left moving
fields, Js and Rs, can undergo is
J (+)s (0)− J (−)s (0) =
∞∑
n=1
gnJns ,
R(+)s (0)−R(−)s (0) =
∞∑
n=1
gnRns .
(5.7)
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(We will assume that no terms dependent on λ appear on the RHS of (5.7).)
The possible non-zero terms on the RHS of (5.7) can be partially determined by a
scaling analysis. The scaling dimension of g is d(g) = 1 − β̂2/2, d(Js) = s, and d(Rs) =
s − 2 + β̂2. (For convenience we have defined β̂ = β/√4π.) Since Jns arises to n-th order
in perturbation theory, it must come from the operator product expansion of Js with
cosn(βφL). Thus d(J
n
s ) = d(e
irβφLOs), where r is an integer with |r| ≤ n, and Os is a
local field of integer dimension l. Thus, d(Jns ) = l+ r
2β̂2/2. Matching dimensions in (5.7)
one has s = (r2 − n)β̂2/2 + n + l. For β̂2 irrational, one needs n = r2, and s = r2 + l.
For the energy-momentum tensor at s = 2, the only solution is n = l = 1. Thus, the
first equation in (2.9) is exact. For s = 4, 6, ..., higher order corrections in g are not ruled
out by scaling. However, since these higher order corrections are an issue in the massless
theory, which can be folded onto the boundary theory which is known to be integrable, we
can conclude that these possible higher order corrections do not spoil the conservation of
Qs.
The possible dimensions of the fields Rns take the form d(e
ir′βφL±iβφRO′s), where r′ is
an integer with |r′| ≤ n + 1, and the local operator O′s has dimension l′. Again matching
dimensions in (5.7) , one has s = (r′2 − n − 1)β̂2/2 + n + l′ + 2. For β̂2 irrational, this
requires n + 1 = r′2 and s = r′2 + l′ + 1. For s = 2, the only solution is n = 0, and thus
R
(+)
2 −R(−)2 = 0. For s = 4, there is also no solution apart from n = 0. For s > 4, higher
order corrections are possible.
A similar analysis for the right moving charges Qs indicates that they are all unper-
turbed by the defect, i.e. J
(+)
s (0)− J
(−)
s (0) = R
(+)
s (0)−R
(−)
s (0) = 0.
To summarize, in taking β̂2 irrational, and accepting the folding argument by assuming
that higher order corrections in g do not spoil the conservation condition (2.9) of the
massless theory, scaling arguments ensure that the bulk perturbation for λ 6= 0 does not
spoil the conservation of Qs for at least s = 2, 4, whereas all Qs remain conserved. For the
energy-momentum tensor, one has the exact equations
T (+)(0)− T (−)(0) = 4πig∂t cosβφL,
T
(+)
(0)− T (−)(0) = 0,
(5.8)
while R2 and R2 terms are continuous across the defect. Thus both energy and momentum
are conserved. Though the above scaling analysis has some gaps (we have assumed no λ-
terms in (5.7)) and doesn’t prove the integrability of the defect theory when λ 6= 0, in the
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sequel we will assume that the theory (4.1) is integrable for any λ and g and is purely
transmitting, though we emphasize we have not proven this conclusively.
At rational β̂2 the above picture can be modified. In particular at β̂2 = 1, the free
fermion point, R
(+)
2 (0)−R(−)2 (0) can have non-zero contributions at n = 1 with r′ = l′ = 0.
Thus at the free fermion point left-moving momentum is not conserved, and this allows
for reflection in addition to transmission; this is precisely what is found in section 6. This
is consistent with the remarks made in the introduction, since here the bulk S-matrix is
−1, and this allows both reflection and transmission.
5.2. S-matrices
We now describe the solution of the DYB equation in the case of chiral sine-Gordon.
The S-matrix for solitons of U(1) charge ±1 is as follows:
S++++(θ) = S
−−
−− (θ) = a(θ),
S+−+−(θ) = S
−+
−+ (θ) = b(θ),
S−++−(θ) = S
+−
−+ (θ) = c(θ),
(5.9)
where
a(θ) = sin(γ(π + iθ))ρ(θ), b(θ) = − sin(iγθ)ρ(θ), c(θ) = sin(γπ)ρ(θ), (5.10)
γ =
8π
β2
− 1, (5.11)
and ρ can be found in [8]. We will consider the massless and massive cases separately.
5.2.1 Massless Case
Consider first the massless case λ = 0. The L − R scattering, as defined by (4.13) is
given by
Bdcab = δ
d
aδ
c
b q
−ab/2, (5.12)
where
q = −e−iγπ . (5.13)
As described in the last section, we first map the theory onto the massless boundary
sine-Gordon theory. The reflection S-matrices Rba are the massless limit of the Ghoshal-
Zamolodchikov solution [2], as described in [9], and as such, they satisfy (4.12) with Bdcab
given by (5.12).
12
In order to describe the scattering theory of the defect theory, one must answer the
question: what defect degrees of freedom are required in order that there is a one-to-one
correspondence between solutions of the massless BYB (4.12) and the DYB (4.5a)? A
similar question was posed in [10]. We introduce a defect degree of freedom α ∈ α0 + Z,
where α0 is arbitrary. We require the defect transmission matrix T
βb
αa to satisfy U(1) charge
conservation α + a = β + b, so that α can be interpreted as a U(1) charge of the defect.
One can show that either of the two choices
T βbαa(θ) = q
αa/2 Rba(θ), a+ α = b+ β,
T βbαa(θ) = q
−αa/2 R−ba (θ), a+ α = b+ β,
(5.14)
where Rba are the reflection S-matrices of the massless boundary sine-Gordon theory au-
tomatically is a solution of the DYB equation if R satisfies (4.12). We will propose the
second relation of (5.14) as the solution to the massless defect sine-Gordon theory. We
do so because we expect U(1) charge to be violated in the folding process, i.e. for a free
boundary theory (g = 0) we have
R++ = R
−
− = 0, R
−
+ = R
+
− = 1, (5.15)
(there is maximal U(1) violation), while for a free defect theory, we expect solitons to pass
through the defect charge unchanged.
5.2.2 Massive Case
Now we take the bulk to be massive (λ 6= 0). As explained in the last section, the
massive theory cannot be folded into a boundary theory, so one must solve directly the
massive DYB equation, along with the crossing, unitarity and hermiticity constraints. In
doing this, we make the assumption that the defect degrees of freedom in the massless and
massive cases are the same, and furthermore that the dependence on the defect degrees of
freedom is also the same. Thus we look for a solution of the form
T βbαa(θ) = q
aα/2T ba(θ), a+ α = b+ β, (5.16)
where T ba is not necessarily the same as the massless R
b
a. For scattering from the left it
will be important to take a different ansatz where the phase depends on outgoing quantum
numbers:
T˜ bβaα(θ) = q
−bβ/2T˜ ba(θ). (5.17)
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There are four independent functions for each of T and T˜ :
Tα±α± = q
±α/2 P±, T
α±2,∓
α,± = q
±α/2Q±,
T˜±α±α = q
∓α/2 P˜±, T
∓,α
±,α∓2 = q
±α/2Q˜±.
(5.18)
The DYB equation leads to the equations
a(θ12)P±(θ2)Q±(θ1) = q b(θ12)Q±(θ1)P±(θ2) + c(θ12)P±(θ1)Q±(θ2)
a(θ12)Q±(θ2)P±(θ1) = q
−1b(θ12)P±(θ1)Q±(θ2) + c(θ12)Q±(θ1)P±(θ2)
a(θ12)P±(θ1)Q∓(θ2) = q
−1b(θ12)Q∓(θ2)P±(θ1) + c(θ12)P±(θ2)Q∓(θ1)
a(θ12)P±(θ2)Q∓(θ1) = q b(θ12)P±(θ2)Q∓(θ1) + c(θ12)P±(θ1)Q∓(θ2).
(5.19)
The equations satisfied by P˜ , Q˜ are the same as above with q → q−1.
Dividing the equations (5.19) by their left hand sides, and setting θ2 = 0, one finds
that one must satisfy:
(a− qb)(a− q−1b) = c2. (5.20)
This requires that q = − exp(iπγ) or − exp(−iπγ). The two distinct solutions for these
distinct values of q correspond to taking left verses right perturbation in (5.1). To match
the massless limit of the folded theory, we take q = − exp(−iπγ). The general solution to
the DYB equation is then
P±(θ) = µ±e
−γθ/2f(θ), Q±(θ) = ν±e
γθ/2f(θ)
P˜±(θ) = µ˜±e
γθ/2f˜(θ), Q˜±(θ) = ν˜±e
−γθ/2f˜(θ),
(5.21)
where µ±, ν±, µ˜±, ν˜± are constants, and f, f˜ are arbitrary.
The hermiticity condition (4.7) reads
P˜±(θ) = P
∗
±(−θ), Q˜±(θ) = Q∗∓(−θ). (5.22)
The unitarity condition (4.3) then reads
P±(θ)P
∗
±(θ) +Q±(θ)Q
∗
±(θ) = 1
P±(θ)Q
∗
∓(θ) +Q±(θ)P
∗
∓(θ) = 0.
(5.23)
Finally, the crossing relation (4.4) implies
P ∗±(θ) = P∓(iπ + θ), q Q
∗
∓(θ) = Q±(iπ + θ). (5.24)
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The minimal solution to (5.23), (5.24) of the form (5.21) is the following:
P±(θ) = e
±iξ e
−(γθ+ν)/2
2 cosh((γθ + ν − iπ/2)/2) e
iδ(θ),
Q±(θ) = e
iτ±
e(γθ+ν)/2
2 cosh((γθ + ν − iπ/2)/2) e
iδ(θ),
(5.25)
where
eiδ(θ) = eiπγ/4
∞∏
l=0
Rl(γθ + ν)
Rl(−(ν + γθ))
Rl(x) =
Γ
(
3
4
+ lγ − ix
2π
)
Γ
(
1
4
+ (l + 1)γ − ix
2π
)
Γ
(
1
4
+ (l + 1
2
)γ − ix
2π
)
Γ
(
3
4
+ (l + 1
2
)− ix
2π
)
(5.26)
One can add to δ(θ) a real function r(θ) such that
r(θ) + r(θ + iπ) = 2πn, (5.27)
and still obtain a solution. Here is the CDD ambiguity showing itself. The constants ξ, τ±
and ν are parameters of the solution, with τ+ + τ− = nπ where n is an odd integer. By
a gauge transformation, we can set τ+ = τ− = nπ/2 for any particular odd n. The most
significant parameter is ν which is some unknown function of the dimensionless variables
g2/λ, β2.
The solution is minimal in the sense that δ(θ) was chosen to bring the solution to
within a phase of the massless limit of the folded theory and no more. It is not surprising
that we can do so. Once the DYB equations have constrained the phase to be − exp(±iπγ),
there is little freedom left for a different solution to arise. Though the crossing relationship
for a massive boundary field theory,
Rba(iπ − θ) = Saba′b′(2θ − iπ)Ra
′
b
′ (θ), (5.28)
differs significantly from its defect counterpart, its massless limit,
Rba(iπ − θ) = q−ab/2Rab (θ), (5.29)
differs only by a phase. Similarly, unitarity for the boundary theory has the same form as
unitarity for the defect theory.
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5.3. Implementing the Bootstrap
Here we will use the bootstrap to derive the transmission matrices for the breathers.
The breathers in sine-Gordon exist as bound states of solitons. We can express this relation
in terms of the Faddeev-Zamolodchikov operators. Let As(θ) be the solitons (s1, s2 = +/−)
and Ab(θ) be the breathers where b = 1, . . . , n where n is the maximum integer less than
γ. Then we have
f bs1s2Ab(θ) = As1(θ + iu
s2
s1b
)As2(θ − ius1s2b), (5.30)
where s = −s is the charge conjugate of s. The u’s are given by
us
′
sb = π − us
′
sb, (5.31)
where ius
′
sb is the location of the soliton pole in the soliton-breather scattering matrix. Here
we have
u±±b =
π
2
+
nπ
2λ
. (5.32)
The f ’s are related to the residues of the poles in the soliton-anti-soliton scattering matri-
ces. If ub+− is the location of the pole in S
±∓
+− , indicative of breather b, the f
b
∓± are defined
via
S±∓+− (θ) ∼ i
f b+−f
±∓
b
θ − iub+−
, (5.33)
where there is no summation on b. f bs1s2 thus represents the probability amplitude that
the bound state forms from a soliton pair. It is then easy to show that
f b+−f
+−
b = (−1)bSo;
f b−+f
+−
b = So;
f b±± = 0,
(5.34)
where So is some constant. Hence f
b
+−/f
b
−+ = (−1)b. This last relation is all we will need
for the computation of the breather transmission matrices.
The transmission bootstrap equation is
f bs1s2T
γd
αb (θ) = f
d
g3g2T
βg2
αs2 (θ − ius1s2b)T
γg3
βs1
(θ + ius2
s1b
). (5.35)
This is derived through the consistency of (5.30) scattering through the defect. In fact it
is more general than indicated: b need not be a breather and s1, s2 need not be solitons
for the equation to hold.
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Now taking b to be some breather and s1 = +, s2 = −, we can write an explicit
expression for the breather transmission matrix:
Tαbαb (θ) = P−(θ − iu−−b)P+(θ + iu++b) + (−1)bq−1Q−(θ − iu−−b)Q+(θ + iu++b). (5.36)
As expected, the breather scattering matrix does not depend on the parameter α. With
this, we can explicitly check if Tαbαb (θ) satisfies crossing and unitarity. We find that both
T ∗αbαb(θ) = T
αb
αb (iπ + θ);
Tαbαb (θ)T
∗αb
αb(θ) = 1,
(5.37)
hold without putting any further constraints on δ(θ) in (5.25) and (5.26) .
6. The Free Fermion Point
In this section we will consider the chiral defect SG theory at the free fermion point
β2 = 4π, where we can derive the defect scattering matrices from an action. For the
reasons indicated at the end of section 5.1, we expect that this theory will exhibit reflection
in addition to transmission in the massive case λ 6= 0, and this is what we find. In the
massless limit we recover the purely transmitting S-matrix of section 5.2. This suggests the
massive transmission S-matrix of section 5 only has significance in its massless limit, since
it was obtained assuming only transmission. However we have not absolutely ruled out
that an alternative massive fermion action may still be purely transmitting with massive
transmission given by T βbαa(θ, β
2 = 4π) of the last section.
In terms of fermions, the action (4.1) can be expressed as
S = Sbulk + Sfree + Sdefect
=
1
8π
∑
i=±
∫
dxdt ψ
(i)
+ ∂zψ
(i)
− + ψ
(i)
− ∂zψ
(i)
+ + ψ
(i)
+ ∂zψ
(i)
− + ψ
(i)
− ∂zψ
(i)
+
+ 2im(ψ
(i)
+ ψ
(i)
− − ψ(i)+ ψ
(i)
− )
− i
8π
∫
dt ψ
(+)
− ψ
(−)
+ + ψ
(−)
+ ψ
(+)
− + ψ
(+)
+ ψ
(−)
− + ψ
(−)
− ψ
(+)
+
− g
4π
∫
dt ψ
(−)
+ a− + ψ
(+)
+ a+ + a+ψ
(−)
− + a−ψ
(+)
− −
1
2π
∫
dt a+∂ta−.
(6.1)
Here we have used the standard map between fermions and bosons at β2 = 4π: ψ± =
exp(iφL) and ψ± = exp(∓φR) [11] [12] . The bulk term represents, locally, the massive
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sine-Gordon action. However, we have divided it into two parts: one for the theory in the
region (x > 0) (terms with the superscript (+)) and one for the region (x < 0) (terms with
the superscript (−)). Because the two regions (+) and (−) are decoupled, we need to add
to the action a term which insures continuity, i.e.
ψ
(−)
± − ψ(+)± = ψ
(−)
± − ψ
(+)
± = 0, (6.2)
in the absence of a defect (g = 0). This term is Sfree. The defect term is constructed
in analogy to what was done in [13]. There Fermi fields were coupled to fermionic defect
modes, a±. Although the origin of the a± is more obscure here, we must have the same
thing, if only to insure the action is bosonic. The specific choice of mixing and matching
the a±’s and the ψ±’s is determined by unitarity, by the need to have terms which both
violate and preserve U(1) charge, and in part by trial and error (so as to obtain, in the
massless limit, the solution of the DYB equations in section 5). The defect degrees of
freedom introduced in section 5 can be understood as arising from the zero modes a±. To
derive the scattering matrices for this action, we begin by writing down the equations of
motion. Varying with respect to ψ
(+),(−)
± , ψ
(+),(−)
± , and a±, and then eliminating the a±
modes, leaves us with three equations, all evaluated at x = 0:
0 = i∂t(ψ
(+)
+ − ψ(−)+ ) + g2(ψ(+)+ − ψ(−)− ),
0 = ψ
(+)
− − ψ(−)− + ψ(+)+ − ψ(−)+ ,
0 = ψ
(+)
± − ψ
(−)
± .
(6.3)
The first two equations describe interactions among the chiral fermions. The last equation
is nothing more than the continuity of the anti-chiral fermions.
To determine the scattering matrices, we employ the following mode expansions for
the fermions:
ψ+ =
√
m
∫ ∞
−∞
dθ
2πi
e−θ/2
(
A−(θ)e
−m(ze−θ+zeθ) −A†+(θ)em(ze
−θ+zeθ)
)
ψ+ = −i
√
m
∫ ∞
−∞
dθ
2πi
eθ/2
(
A−(θ)e
−m(ze−θ+zeθ) + A†+(θ)e
m(ze−θ+zeθ)
)
,
(6.4)
where ψ− = ψ
†
+ and ψ− = ψ
†
+. The A’s satisfy the following anti-commutation relations:
{A±(θ), A†∓(θ′)} = 4π2δ(θ − θ′). (6.5)
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We now substitute the expansions into the equations of motion, Fourier decompose, and
express the equations in the form:
DA†(+)a (θ) = T
b
a (θ)A
†(−)
b (θ)D+R
b
a(θ)DA
†(+)
b (−θ);
A†(−)a (θ)D = T˜
b
a (−θ)DA†(+)b (−θ) + R˜ba(−θ)A†(−)b (−θ)D,
(6.6)
or upon expanding out
DA
†(+)
± (θ) = P±(θ)A
†(−)
± (θ)D+Q±(θ)A
†(−)
∓ (θ)D+
M±(θ)DA
†(+)
± (−θ) +N±(θ)DA†(+)∓ (−θ);
A
†(−)
± (θ)D = P˜±(−θ)DA†(+)± (θ) + Q˜±(−θ)DA†(+)∓ (θ)+
M˜±(−θ)A†(−)± (−θ)D+ N˜±(−θ)A†(−)∓ (−θ)D.
(6.7)
These equations define the S-matrices for the theory. P± and Q± represent transmission
across the defect while M± and N± represent reflection from the defect. We find the
matrices to be
P±(θ) = P˜
∗
±(−θ) =
f(θ) + e2θ − 1
f(θ)
;
Q±(θ) = Q˜
∗
±(−θ) =
1− e2θ
f(θ)
;
M±(θ) = M˜
∗
±(−θ) = −
2 sinh(θ)
f(θ)
;
N±(θ) = N˜
∗
±(−θ) =
2 sinh(θ)
f(θ)
,
(6.8)
where
f(θ) = −4im
g2
cosh(θ) sinh2(θ) + 2 sinh(2θ). (6.9)
The matrices do not differentiate between U(1) charge because of our choice of Sfree. If we
wrote Sfree as
Sfree = − i
8π
∫
dt eiαψ
(+)
− ψ
(−)
+ + e
iβψ
(−)
− ψ
(+)
− + e
−iαψ
(+)
+ ψ
(−)
− + e
−iβψ
(−)
− ψ
(+)
+ , (6.10)
the ± matrices would be distinguished by a phase.
Because the theory is both reflecting and transmitting, crossing and unitarity are
altered. Unitarity becomes
1 = T ba(θ)T˜
c
b (−θ) +Rba(θ)Rcb(−θ);
0 = T ba(θ)R˜
c
b(−θ) +Rba(θ)T cb (−θ),
(6.11)
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in addition to two more equations where T˜ (−θ) and R˜(−θ) are interchanged with T (θ)
and R(θ). Crossing keeps its transmission component in (4.4) and adds a reflection piece:
Rba(θ) = −Rab (iπ − θ);
R˜ba(θ) = −R˜ab (iπ − θ).
(6.12)
One can easily check that the scattering matrices derived above satisfy these relations.
As promised, the massless limit of these matrices match the scattering matrices in
5.34. To find the massless limit of the matrices for scattering of the left movers from right
to left take θ → θL − α and let α → ∞, m → 0 while holding µ = meα constant. We so
find
P±(θL) =
eiπ/4e−(θL+ν)/2
2 cosh((θL + ν − iπ/2)/2) ,
Q±(θL) =
e−iπ/4e(θL+ν)/2
2 cosh((θL + ν − iπ/2)/2) ,
M±(θL) = N±(θL) = 0.
(6.13)
Here we have identified ν with − log(µ/2g2). To obtain an exact match with section 5, we
need to fix our gauge by setting τ+ = τ− = −π/2.
7. Ising Model
Having considered a chiral defect theory for a Dirac fermion, it is natural to also treat
a Majoranna fermion, i.e. the fermionic representation of the Ising model. As with the
Dirac fermion, we find a massive Majoranna fermion has both transmission and reflection
S-matrices. And again, we find that in the massless limit, the reflection matrices vanish.
Defect lines in Ising models have been considered before ([14] [15] [16]), but in a
different form. Previously, defects as perturbations in the energy were studied. In terms
of fermions, a energy perturbation is represented by ψψ. Here instead we consider defects
as perturbations in a single ψ. Whereas energy perturbations have ready interpretations
in terms of spin operators in a lattice formulation, a chiral perturbation does not. Its
physical interpretation comes only in folding the theory onto boundary Ising.
The action for the Ising model can be expressed in the same form as (6.1) ,
S = Sbulk + Sfree + Sdefect
=
1
8π
∑
i=±
∫
dxdt
(
ψ(i)∂zψ
(i) + ψ
(i)
∂zψ
(i)
+ 2imψ(i)ψ
(i)
)
− i
8π
∫
dt
(
ψ(+)ψ(−) + ψ
(+)
ψ
(−)
)
+
ig
4π
∫
dt
(
aψ(+) − ψ(−)a
)
− 1
4π
∫
dt a∂ta.
(7.1)
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With the Dirac fermion, the defect modes, a±, were indexed to reflect the U(1) charge
carried by the fermionic fields. Here there fields have no charge and so the defect mode,
a, goes unstructured.
As before, we determine the scattering matrices by varying the action and writing
down the equations of motion at x = 0:
0 = ∂t(ψ
(+) − ψ(−))− ig2(ψ(+) + ψ(−));
0 = ψ
(+) − ψ(−).
(7.2)
The first equation describes the interaction of the chiral fermion, while the second equation
simply enforces the continuity of the anti-chiral fermion across the defect line. We employ
the following mode expansions:
ψ =
√
m
∫ ∞
−∞
dθ
2πi
e−θ/2
(
A(θ)e−m(ze
−θ+zeθ) −A†(θ)em(ze−θ+zeθ)
)
ψ = −i√m
∫ ∞
−∞
dθ
2πi
eθ/2
(
A(θ)e−m(ze
−θ+zeθ) + A†(θ)em(ze
−θ+zeθ)
)
,
(7.3)
Here {A(θ), A†(θ′)} = 4π2δ(θ − θ′). Substituting these expansions into the equations of
motion, and reducing them to the form
DA†(+)(θ) = T (θ)A†(−)D+R(θ)DA†(+)(−θ)
A†(−)(θ)D = T˜ (−θ)DA†(+)(θ) + R˜(−θ)A†(−)(−θ)D,
(7.4)
leads to the result
T (θ) = T˜ ∗(−θ) = m cosh(θ) + ig
2
m cosh(θ) + ig2 coth(θ)
;
R(θ) = R˜∗(−θ) = − ig
2
m cosh(θ) sinh(θ) + ig2 cosh(θ)
.
(7.5)
In the massless limit, R(θ) and T (θ) become
T (θL) =
µe−θL + i2g2
µe−θL − i2g2 ,
R(θL) = 0.
(7.6)
As expected the reflection amplitude, R(θL), vanishes. The massless transmission matrix
can be compared with the massless limit of the reflection matrix, RB, derived in [2] for
boundary Ising. In this case we find
RB(θL) = −iµe
−θL + ih2
µe−θL − ih2 , (7.7)
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where h is the boundary magnetic field. By identifying 2g2 with h2, a phase is the sole
difference between the two massless limits. This phase arises from the difference between
the boundary and defect crossing relations.
In this case unitarity takes the form,
1 = T (θ)T˜ (−θ) +R(θ)R(−θ);
0 = T (θ)R˜(−θ) +R(θ)T (−θ).
(7.8)
while crossing demands,
T (θ) = T˜ (iπ − θ), R(θ) = −R(iπ − θ), R˜(θ) = −R˜(iπ − θ). (7.9)
It easily seen that the scattering amplitudes satisfy these equations.
8. Conclusions
We have outlined a general approach to integrable chiral defect theories, and have
applied this to a chiral defect perturbation of the sine-Gordon theory.
A nice feature of purely transmitting theories of defects is that they allow one to
consider multiple defects rather easily, and consequently a finite density of impurities. We
hope to turn to this in the future.
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